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ABSTRACT
The on-the-fly machine learning force field approach, based on the Gaussian approximation potential and Bayesian error estimation, was used
to study the diffusion of self-interstitial atoms in α-zirconium. Ab initio molecular dynamics simulations of lattice vibration and interstitial
diffusion at different temperatures were employed to develop the force field. The radial and angular descriptors of the potential were further
optimized to achieve better agreement with first-principles results. Subsequent long-term diffusion simulations were performed to assess
the diffusion behavior based on the obtained force field. Tracer diffusion coefficients and diffusion anisotropy were studied at temperatures
of 600–1200 K, and the Bayesian errors were estimated throughout the diffusion simulations. The mean and maximum estimated Bayesian
errors of atomic force were approximately twice as large as those observed during the learning period. The basal diffusion was greatly favored
compared to the interstitial diffusion along the c-axis, consistent with previous simulations based on first-principles results and classical
potentials. The accuracy and applicability of the current on-the-fly machine learning approach were critically evaluated.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0211883

I. INTRODUCTION

Characterizing material behavior through machine learning
force field (MLFF) typically requires an extensive dataset derived
from first-principles calculations.1–4 The generation of on-the-fly
MLFF, facilitated by molecular dynamics (MD) simulations, offers a
promising avenue to mitigate this challenge by automatic sampling
of the configurational space and precise monitoring of extrapola-
tion errors.5–7 Such methodology is advantageous for addressing
specific material behavior, especially when development of a

comprehensive force field is unaffordable. However, when a spe-
cialized MLFF is constructed, its fidelity demands particular atten-
tion to ensure exhaustive sampling of the studied configurational
space.

Defect diffusion behavior plays an important role in a material’s
physical and mechanical properties, material processing, and defect
evolution under extreme environments. In this study, self-interstitial
diffusion in α-zirconium was investigated with the on-the-fly MLFF
approach to explore the possibility of constructing an accurate force
field for interstitial diffusion, utilizing training data that primarily
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originate from ab initio molecular dynamics (AIMD) simulations.
Zirconium alloys are commonly used nuclear materials for
commercial nuclear reactors.8 Understanding the radiation defect
evolution in α-zirconium is important for understanding the radia-
tion growth of zirconium-based nuclear alloys.9 Particularly, as α-Zr
has an HCP structure, the diffusion anisotropy of self-interstitial
atoms and self-interstitial clusters along the basal plane and the c-
axis has a significant impact on the defect microstructure growth
in different crystallographic planes.10–12 Various locally stable inter-
stitial configurations exist in α-Zr, including basal octahedral (BO),
split dumbbell in the basal plane (BS), crowdion in the basal plane
(BC), octahedral (O), split dumbbell along the c-axis (S), crow-
dion (C) configurations, among others, and they can exhibit very
close stability in terms of energy.13–15 The complicated migra-
tion pathways among these configurations compete with each
other and determine the overall diffusion dynamics and diffusion
anisotropy.

Although AIMD can accurately simulate interstitial diffusion,
the limitation in diffusion time prevents obtaining statistically sig-
nificant results with respect to the diffusion coefficient and diffusion
anisotropy. The typical acceptable simulation time is on the order of
∼100 ps for each temperature, which is generally not enough to col-
lect a sufficient number of defect jumps. Based on the MLFF method,
system energy, atomic force, and stress tensor can be directly learned
from various configurations from AIMD simulations, and the dif-
fusion time can be greatly extended. In this work, atomic vibration
and interstitial diffusion at various temperatures were learned by the
on-the-fly MLFF approach and long-term interstitial diffusion was
simulated based on the obtained MLFF.

II. METHOD
Density functional theory (DFT) calculations were performed

using the Vienna ab initio simulation package (VASP).16,17 The
on-the-fly MLFF was constructed within the VASP code using the
Gaussian approximation potential (GAP).18 The Bayesian linear-
regression was used to optimize the potential and estimate the
uncertainty.19 During MD simulations, the decision to perform new
AIMD calculations and update force field was according to a series
of Bayesian error estimation (BEE)-based criteria. A comprehensive
description of the MLFF theory can be found in Ref. 6.

To determine the DFT parameters and supercell size for the
generation of on-the-fly MLFF AIMD training data, formation ener-
gies of typical α-Zr interstitial configurations (BO, BS, BC, O, S, and
C configurations; see the Appendix for the initial interstitial struc-
tures) were compared under different simulation settings, including
5 × 5 × 3 (150 atoms) and 4 × 4 × 5 (180 atoms) supercells, 2 × 2
× 2 and 3 × 3 × 3 Γ-centered k-point meshes, and volume relax-
ation schemes of full relaxation and rescaled constant volume. In the
rescaled constant volume scheme, the supercell volume was rescaled
by N/(N + 1), where N is the total number of atoms in the perfect
structure. The objective is to obtain the correct energy description of
various interstitial configurations, given that these interstitial config-
urations are close in formation energies. In these DFT calculations,
the Perdew–Burke–Ernzerhof generalized gradient approximation
(PBE-GGA)20 was used as the exchange-correlation functional. 12
electrons (4s24p64d25s2) were considered for the Zr atom. The elec-
tronic and ionic convergence thresholds were set to 10−4 eV and

0.01 eV/Å, respectively. A plane-wave cutoff of 400 eV was used.
By comparing the interstitial formation energies from different
DFT settings, a supercell size of 150 atoms with k-point meshes of
2 × 2 × 2 was used for the following AIMD simulations for MLFF
generation.

The dynamic simulations were performed using a
Nosé–Hoover thermostat with a timestep of 2 fs. During the
learning process, the perfect lattice vibration and self-interstitial
diffusion were simulated for 20 and 40 ps, respectively, and this
was performed sequentially at 1500, 1200, 900, and 600 K. High
temperatures were used here to accelerate the diffusion and encom-
pass as many potential local chemical configurations as possible.
In this process, AIMD calculations were performed when the
current atomic environment exceeded the BEE-based thresholds.
Default machine learning (ML) descriptors, BEE thresholds, and
weighting parameters were used during the on-the-fly learning.
Static DFT results, including different interstitial configurations
and compressive and tensile unit cells up to 15%, were also added
to the training set. After the initial on-the-fly learning process,
the obtained MLFF was refitted by adjusting the machine learning
parameters to improve the force field accuracy. After the refitting
of the MLFF, long-term interstitial diffusion simulations were then
performed at different temperatures (600, 800, 1000, and 1200 K)
with three 10-ns runs at each temperature. In these long-term
diffusion simulations, only MLFF was performed without AIMD
simulations.

III. RESULTS AND DISCUSSION
The interstitial formation energies with different DFT settings

are presented in Fig. 1(a), with the corresponding data tabulated in
Table I. It is known that when the supercell is small in α-Zr (≲96
atoms), the lowest-energy configuration is incorrect.14,15 The BO
configuration should have the lowest formation energy; however, the
O configuration becomes equally stable or more stable when using a
small supercell. Previous DFT studies have indicated that supercell
sizes of 180–200 atoms are needed to reflect the correct order of for-
mation energies of various interstitial configurations.14,15 Therefore,
we compared the interstitial formation energies between supercell
sizes of 150 atoms and 180 atoms using different k-point meshes to
achieve a balance between energy accuracy and computational effi-
ciency of AIMD simulations. In all the simulated cases presented in
Table I, the BO configuration exhibits the lowest formation energy.
The other interstitial configurations also show a consistent trend,
with the order of formation energy being BO < BS <O < S ≈ C′. The
C configuration is unstable and shifts to the C′ position by breaking
the symmetry. The BC configuration is also unstable and is sponta-
neously relaxed to the BO configuration. The difference in formation
energy between BO and O is slightly larger than that observed in pre-
vious studies. In most cases, the energy differences between BO and
other interstitial configurations are consistent with previous DFT
results, with differences of less than 0.1 eV. The observed discrep-
ancy could be caused by different pseudopotentials, supercell sizes,
and k-point meshes. The formation energies based on the rescaled
constant volume are close to those with full volume relaxation (see
Table I), with differences of less than 0.02 eV. Based on the good
agreement among different DFT settings and previous results, the
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FIG. 1. (a) Interstitial formation energies with different DFT settings with the rescaled constant volume method. Previous DFT results are also presented.14,15 (b) Evolution of
Bayesian error estimation. For each temperature, 20 ps of perfect lattice vibration and 40 ps of interstitial diffusion were simulated. The BEE threshold is also presented in
red. (c) Number of collected training configurations under each condition (perf.: perfect lattice vibration; int.: interstitial diffusion). (d) Evolution of the root mean square errors
of force and energy.

150-atom supercell with k-point meshes of 2 × 2 × 2 was used for
generating ML training data.

The Bayesian error was estimated throughout the learning
period, as shown in Fig. 1(b). The Bayesian error can accurately
represent the trend of the actual error despite its smaller magni-
tude.6 The threshold for DFT calculation and MLFF reconstruction
was dynamically varied using an average of Bayesian errors from

recent steps. It can be seen that severe atomic vibrations lead to
large Bayesian errors at high temperatures and that the Bayesian
errors decrease as the temperature decreases. It is also noted that
the Bayesian errors of perfect lattice vibration are smaller than those
of interstitial diffusion due to the less extreme local chemical envi-
ronment. The number of added training structures at each stage is
presented in Fig. 1(c). 770 structures were collected in total, which is

TABLE I. Formation energies of different self-interstitial configurations in α-zirconium with different DFT settings.

Natoms k-points Relaxation method EBO (eV) EO-EBO (eV) EBS-EBO (eV) ES-EBO (eV) EC′ -EBO (eV) Reference

150 3 × 3 × 3 Volume relaxation 2.79 0.19 0.09 0.31 0.31
150 3 × 3 × 3 Rescaled volume 2.80 0.19 0.11 0.33 0.32
150 2 × 2 × 2 Volume relaxation 2.76 0.26 0.11 0.37 0.39
150 2 × 2 × 2 Rescaled volume 2.77 0.26 0.13 0.39 0.40
180 3 × 3 × 3 Volume relaxation 2.75 0.19 0.09 0.30 0.31
180 3 × 3 × 3 Rescaled volume 2.75 0.19 0.10 0.31 0.31
180 2 × 2 × 2 Volume relaxation 2.72 0.22 0.07 0.35 0.35
180 2 × 2 × 2 Rescaled volume 2.73 0.22 0.08 0.37 0.36
180 3 × 3 × 3 Rescaled volume 2.82 0.16 0.14 0.35 15
200 3 × 3 × 3 Rescaled volume 2.78 0.09 0.11 0.23 0.22 14
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TABLE II. Performance of MLFF compared to DFT results. Comparison of aver-
age errors in energy and force against DFT training structures, and presenta-
tion of migration barriers and formation energy differences for various interstitial
configurations.

DFT Default MLFF Refitted MLFF

ΔEtraining data (meV/atom) ⋅ ⋅ ⋅ 1.77 0.92
ΔFtraining data (eV/Å) ⋅ ⋅ ⋅ 0.18 0.13
Em

BO−O (eV) 0.33 0.67 0.39
Em

BO−S (eV) 0.64 0.74 0.64
Em

BO−BS (eV) 0.27 0.36 0.37
EO-EBO (eV) 0.26 0.54 0.22
ES-EBO (eV) 0.37 0.18 0.29
EC′ -EBO (eV) 0.39 0.51 0.33
EBS-EBO (eV) 0.11 0.37 0.38
EBC-EBO (eV) 0.00 0.00 0.00

significantly higher than the reference dataset for conventional
potential fitting. A large number of interstitial structures were col-
lected at 1500 K. A considerable number of configurations were also
learned at lower temperatures, indicating the complexity of the local
chemical environment during lattice vibration and interstitial diffu-
sion. Compared to DFT training data, the root mean square (RMS)
errors of force and energy are ∼0.11 eV/Å and 2–3 meV, respectively
[see Fig. 1(d)]. The RMS errors tend to decrease over time as the
learning process progresses from high temperature (1200 K) to low
temperature (600 K), with lower temperatures typically resulting in
smaller RMS errors.

The obtained MLFF was further refitted to improve the accu-
racy before conducting long-term diffusion simulations. As indi-
cated in Table II, the default MLFF has relatively large uncertainties
in energy and force compared to the DFT training data. The inter-
stitial formation and migration energies also differ from the DFT
results. Although a significant number of atomic configurations can
be identified through the current on-the-fly simulation settings, a
more accurate GAP potential is required due to the small energy
differences among various migration paths in α-Zr, which are on
the order of ∼0.1 eV.13 For instance, according to DFT results, the
migration barrier between BO and O is 0.33 eV, whereas the bar-
rier between BO-BS is 0.27 eV. Refitting involves modifications of

parameters of radial and angular descriptors,21 which are presented
in Table III. In total, 3312 local (atomic) reference configurations
were used for the refitted potential. The average energy difference for
the refined MLFF is <1 meV/atom, and the average force difference
is 0.13 eV/Å for the training dataset. For the long-term intersti-
tial diffusion simulations, the configurational space is similar to the
training dataset. Therefore, a small deviation from the training data
is important. In addition, most of the migration barriers and energy
differences relative to the BO configuration closely align with DFT
calculations (< 0.1 eV) (see Table II). However, a notable exception
is observed in the case of EBS, where the discrepancy is 0.27 eV. A
further increase in basis functions in the descriptors does not seem
to lower its energy state, and the refitted MLFF is already one order
of magnitude less efficient than the original MLFF. It is important
to recognize that interstitial configurations involve closely spaced
atoms undergoing significant elastic deformation and that classical
interatomic potentials of Zr also face challenges in achieving good
energy agreement for all the interstitial configurations. Additional
investigation is needed to study the possibility of accurately delineat-
ing the entire interstitial energy landscape. Nevertheless, the refitted
MLFF exhibited reasonable accuracy and was used for the long-term
diffusion simulations.

The long-term diffusion simulations were performed at tem-
peratures of 600, 800, 1000, and 1200 K. The distributions of mean
and maximum BEE are approximately twice as large as those from
the learning stage at 600 and 1200 K, as shown in Fig. 2. The
diffusion simulations at 800 and 1000 K were only performed
with the refined MLFF so that no comparison can be made with
the learning stage. The higher mean Bayesian errors in the pre-
diction stage indicate that atomic configurations were not com-
pletely interpolated during the long-term diffusion simulations. The
mean Bayesian error distribution increases steadily with the diffu-
sion temperature. However, the maximum atomic Bayesian error
at each timestep is maintained at approximately the same level
across the studied temperature range, with a slight increase in the
proportion at the high error end. This indicates that the maxi-
mum estimation errors are largely constrained within a definite
range.

The atomic mean square displacement (MSD) was calculated
using all atoms as tracers. Good linearity was observed between
the MSD and diffusion time within the first half of the diffusion

TABLE III. Parameters used in the refitted machine learning force field.21 The corresponding tags in the VASP code are also presented in parentheses.

Parameter Value Description

Rcut1 8.0 The cutoff radius for radial descriptor ρ2
i (r) (ML_RCUT1)

Rcut2 6.5 The cutoff radius for angular descriptor ρ3
i (r, s, θ) (ML_RCUT2)

σatom 0.4 The standard deviation of the Gaussian functions used for broadening the atomic distributions
(ML_SION1 and ML_SION2)

N0
R 12 Number of radial basis functions used to expand the radial descriptor ρ2

i (r) (ML_MRB1)
N l

R 10 Number of radial basis functions used to expand the angular descriptor ρ3
i (r, s, θ) (ML_MRB2)

Lmax 6 The maximum angular momentum quantum number of spherical harmonics used to expand atomic
distributions (ML_LMAX2)

ηl Off Angular fitting on/off (ML_LAFILT2)
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FIG. 2. Bayesian error estimation during the prediction period: distribution of mean and maximum BEE at [(a) and (b)] 600 K, [(c) and (d)] 800 K, [(e) and (f)] 1000 K, and [(g)
and (h)] 1200 K. The Bayesian error estimation during the learning period was also shown for [(a) and (b)] 600 K and [(g) and (h)] 1200 K.

time difference (5 ns) for the studied temperature range over a
period of 10 ns. The tracer diffusion coefficients were then cal-
culated based on the first half of the MSD data: D = MSD/(cd ⋅
2nt), where cd represents the interstitial concentration and n = 1,
2, and 3 for out-of-basal (Dc), basal (Da), and total (Dt) dif-
fusion coefficients, respectively. As shown in Fig. 3(a), the diffu-
sion coefficients demonstrate an exponential relationship with 1/T.
Anisotropic diffusion was observed with basal diffusion being signif-
icantly promoted. Based on the fitting to the Arrhenius relationship,
the activation energies for Dc, Da, and Dt are 0.38, 0.32, and 0.33 eV,
respectively. With the classical potential of BMD07 developed by

Wimmer et al.,22 the c-axis and basal activation energies were found
to be 0.30 and 0.17 eV, respectively.23 For other classical potentials
that predict the O configuration as the most stable configuration,24,25

the diffusion dynamics are expected to be different.
The ratio Da/Dc was found to decrease with increasing tem-

perature [see Fig. 3(b)]. This trend aligns with results from Ref. 13,
which were derived from Monte Carlo simulations of intersti-
tial migration based on DFT migration barriers. Our results show
that the magnitude of Da/Dc is smaller with a higher decreasing
rate with temperature.13 In α-zirconium, the diffusion in the basal
plane is primarily dominated by BO–BS migration, whereas the
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FIG. 3. (a) Tracer diffusion coefficient of the self-interstitial atom along different directions. (b) Ratio of Da/Dc at different temperatures. Results from Samolyuk et al.13 are
also presented for comparison.

diffusion in the non-basal direction is primarily determined by
BO–O migration. Migration paths that do not involve the most sta-
ble BO configuration, such as those among interstitial configurations
of O, S, M, BS, etc., are also possible but are considered less preva-
lent. The overestimation of the BS energy state in the current MLFF
may lead to variation in the diffusion anisotropy. In addition, our
migration barrier between BO and O (0.22 eV) is slightly underes-
timated compared to our DFT result (0.26 eV), which promotes the
diffusion along the c-axis and decreases the Da/Dc value. Further-
more, we noticed that our DFT energies differ slightly from those
obtained from Ref. 13. Since the MLFF is trained from our AIMD
results, the difference in the obtained diffusion coefficient and dif-
fusion anisotropy could also be attributed to the energy differences
in the reference configurations. For instance, the M interstitial con-
figuration, which was considered to be stable in Ref. 13, was found
to be unstable in our DFT results. We also note a key difference
when performing comparison with Refs. 13 and 23: In this work,
tracer diffusion coefficients were determined, unlike the intersti-
tial (defect) diffusion coefficients calculated in Refs. 13 and 23. The
defect trajectory was also obtained using the Wigner–Seitz method
to calculate the defect MSD. Despite conducting simulations over
30 ns at the same temperature, the statistical variation in the inter-
stitial diffusion coefficient was found to be significant, rendering
its calculation less reliable. Therefore, a further increase in compu-
tational efficiency is necessary with the MLFF method in order to
get statistically convergent results on defect trajectories, particularly
for the problem of diffusion anisotropy. Nevertheless, with the use
of MLFF, the tracer diffusion coefficients and diffusion anisotropy
can be determined based on a large dataset of interstitial diffu-
sion configurations, greatly extending the timescale of ab initio MD
simulations with moderate sacrifice in accuracy.

IV. CONCLUSION
The self-interstitial diffusion in α-zirconium was explored by

the on-the-fly machine learning force field approach. The small
energy differences among various migration paths in α-zirconium
necessitate precise descriptions of all transition states and local
energy minima. The developed force field explicitly accounted for

various interstitial diffusion configurations at high temperatures and
demonstrated reasonable accuracy in predicting interstitial proper-
ties. Strong diffusion anisotropy was observed in the basal direction,
which is consistent with previous results based on DFT calculations
and classical molecular dynamics simulations. Ensuring statisti-
cally significant diffusion coefficients requires an extended diffusion
timescale. Potential improvement lies in the direction of accurately
describing all defect energy states while preserving computational
efficiency.
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APPENDIX: SELF-INTERSTITIAL CONFIGURATIONS
IN α-Zr

The various self-interstitial atom configurations are presented
in Fig. 4, including basal octahedral (BO), split dumbbell in the basal

plane (BS), crowdion in the basal plane (BC), octahedral (O), split
dumbbell along the c-axis (S), and crowdion (C) configurations.
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