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5 Mechanical Stabilities and 
Properties of Graphene and Its 
Modification by BN Predicted from 
First-Principles Calculations

Qing Peng and Suvranu De

ABSTRACT

We investigate the mechanical stabilities and properties of 
graphene under various strains using first-principles plane-
wave calculations based on density functional theory. We 
report the mechanics dependence of the graphene-like boron 
nitride (g-BN) concentration, including the high-order elastic 
constants and mechanical failure. Acting anisotropically, a 
large nonlinear elastic deformation up to the ultimate strength 
of the material, followed by a strain softening is observed. The 
ultimate strains in heterogeneous configurations are smaller 
than those in pure graphene and g-BN, which is related to the 
heterogeneity of the g-BNC monolayer. The in-plane stiffness 
as well as third-order elastic constants of graphene can be lin-
early tuned with g-BN concentration. The fourth- and fifth-
order elastic constants have a more complex response to BN 
modification. The longitudinal mode elastic constants are sen-
sitive to the BN modification in contrast with the shear mode 
elastic constants. The third-, fourth-, and fifth-order elastic 
constants are required for accurate modeling of the mechani-
cal properties of g-BNC under strains greater than 0.02, 0.06, 
and 0.12, respectively. This study may provide guidance in 
tuning the mechanical properties through chemical modifica-
tion of graphene by BN to optimize the function of graphene-
based nanodevices, as well as their safe ranges of strain for 
the demanded engineering.

5.1  INTRODUCTION

With sp2 bonds in a monatomic layer, graphene presents mar-
velous electrical and mechanical properties as well as excit-
ing applications [1–6]. However, graphene is not perfect: a 
zero bandgap limits its applications in field-effect transis-
tors with high on-off ratios, as well as logic and high-speed 
switching devices, since the current can never be turned off 
completely [7–10]. A significant amount of research has been 
conducted in order to modify the graphene bandgap for elec-
tronics applications. Several methods have been proposed 
for this purpose; however, most of them can only improve 
the semiconducting properties of graphene up to a limited 
point [11,12]. The graphene analog of boron nitride (g-BN) 
has a large bandgap [13], indicating an efficient way to engi-
neer the bandgap of graphene through chemical modification 
using g-BN [14–27]. Recently, a promising method has been 
reported in which atomistic monolayers have been generated 
consisting of g-BN phases in graphene (g-BNC, Figure 5.1) 
using a thermal catalytic chemical vapor deposition method 
[27–29]. An atomically thin integrated circuitry made of 
g-BNC was freshly reported [30]. These hybrid monolayers 
have been shown to have isotropic physical properties which 
can be tailored by controlling the kinetic factors affecting the 
g-BN domain size within the graphene layer. This is different 
from B-doped or N-doped graphene, where the integrity of 

CONTENTS

Abstract........................................................................................................................................................................................ 79
5.1	 Introduction........................................................................................................................................................................ 79
5.2	 DFT Calculations................................................................................................................................................................ 80
5.3	 Structural Properties........................................................................................................................................................... 81
5.4	 Potential Surfaces............................................................................................................................................................... 81
5.5	 Stress–Strain Response...................................................................................................................................................... 82
5.6	 Mechanical Failures........................................................................................................................................................... 83
5.7	 Elastic Constants................................................................................................................................................................. 87
5.8	 Conclusions......................................................................................................................................................................... 89
Acknowledgments........................................................................................................................................................................ 89
References.................................................................................................................................................................................... 89

© 2016 by Taylor & Francis Group, LLC



80 Graphene Science Handbook

the g-BN structure is missing. Opposed to h-BN, which is a 
bulk hexagonal structure, g-BNC and g-BN are only monoa-
tomically thick. Compared with the electronic [13,31–33], 
optical [34], and optoelectronic properties [35], the mechan-
ics dependence of the modification of graphene by g-BN is 
less studied.

Mechanical properties are critical in designing parts or 
structures with these advanced 2D nanomaterials regarding 
their practical applications, including high-frequency field-
effect transistors [4], graphene-based spintronics [8], ferro-
magnetic [36], antiferromagnetics [37], mass sensors [38], and 
nanoelectronics [39]. Aside from electronic properties such 
as bandgaps [13], tunable mechanical properties can provide 
an optimal function in designing and manufacturing the gra-
phene-based nano- or microelectronics. Furthermore, strain 
engineering is a common and important approach to tailor 
the functional and structural properties of nanomaterials [40]. 
In addition, these 2D materials are vulnerable to strain with 
or without intent because of the monatomic thickness [41,42]. 
For example, there are strains caused by the mismatch of lat-
tices or surface corrugation due to the presence of a substrate 
[39,43]. Therefore, knowledge of the mechanical properties 
of modified graphene by g-BN (namely, g-BNC) is highly 
desired. Since graphene and g-BN are the lower and upper 
bounds of g-BNC (0% and 100% of g-BN concentration), we 
consider graphene and g-BN as a special case of g-BNC in 
this study.

Depending on the loading, the mechanical properties are 
divided into four strain domains: linear elastic, nonlinear 
elastic, plastic, and fracture. Materials in the first two strain 
domains are reversible, that is, they can return to equilibrium 
status after the release of the loads. On the other hand, the 

last two domains are nonreversible. Defects are nucleated 
and accumulate with the increase of the strain until rupture. 
The elastic properties of g-BNC within a small strain domain 
(±0.015) were reported recently [44]. However, particularly in 
graphene, the nonlinear mechanical properties are prominent 
since the nanoindentation tests strongly suggest that the gra-
phene films were free from defects and remained elastic until 
the intrinsic strength was reached [45,46]. When the atomic 
displacement is no longer small with respect to the interatomic 
spacing, the anharmonicity of the crystal becomes noticeable 
and needs to be treated by the higher-order elasticity theory 
when the continuum approximation is adopted [47]. High-
order elastic constants are important quantities [48–50] and 
can be determined by measuring the changes of sound veloci-
ties under the application of hydrostatic and uniaxial stresses 
[51,52]. The high-order elastic constants can be utilized to 
study the nonlinear elasticity [53], thermal expansion (through 
the Gruneisen parameter) [54], temperature dependence of 
elastic constants [54,55], harmonic generation [52], phonon–
phonon interactions [56], photon–phonon interactions [57], 
lattice defects [58], phase transitions [59], echo phenomena 
[60], and so on. The study of the nonlinear elastic properties is 
necessary to understand the strength and reliability of struc-
tures and devices made of graphene and g-BNC.

The mechanical properties of graphene have been stud-
ied extensively [45,46,61], including theoretical predictions 
of the high-order elastic constants describing the nonlinear 
elastic properties [46,61]. These predictions are based on first-
principles calculations in a unit cell containing two or four 
carbon atoms. However, it was reported that the finite wave 
vector soft modes, which are the key factors in limiting the 
strength of monolayer materials, can only be captured in unit 
cells with hexagonal rings [62]. Considering the overwhelm-
ing importance, the nonlinear elastic properties of graphene, 
g-BN, and g-BNC deserve a rigorous investigation.

The goal of this chapter is to study the dependence of 
mechanical behaviors on the g-BN concentration in g-BNC, 
in order to modulate the mechanics of graphene by BN. Our 
study also provides an accurate continuum description of the 
elastic properties of g-BNC, including nonlinear high-order 
elastic properties from density functional theory (DFT) calcu-
lations. The total energies of the system, forces on each atom, 
and stresses on the simulation boxes are directly obtained 
from DFT calculations. The response of g-BNC under the 
nonlinear deformation and fracture is studied, including 
ultimate strength and ultimate strain. The high-order elastic 
constants are obtained by fitting the stress–strain curves to 
analytical stress–strain relationships that belong to the con-
tinuum formulation [63]. The remainder of the chapter is 
organized as follows. Section 5.2 presents the computational 
details of DFT calculations. The results and analysis are in 
Section 5.3, followed by conclusions in Section 5.4.

5.2  DFT CALCULATIONS

In g-BNC materials, the g-BN phase is presented by the hex-
agonal structure of BN locally, which is a six-atom hexagonal 
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FIGURE 5.1  Atomic super cell (24 atoms) of five g-BNC configura-
tions in undeformed reference configurations, corresponding to g-BN 
concentration of 0% (graphene), 25%, 50%, 75%, and 100% (g-BN).
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ring unit and can be denoted as (B3N3). The g-BN domain in 
g-BNC hybrid structures is modeled by adjusting the g-BN 
concentrations in g-BNC while maintaining the integrity of 
B3N3 within the system. The g-BN domain size in a system 
can be equivalently expressed by the g-BN concentration in 
the model as (B3N3)x(C6)1−x where (C6) denotes the six-atom 
hexagonal ring unit of graphene. The six-atom hexagonal ring 
unit cell is chosen to capture the “soft mode,” which is a par-
ticular normal mode exhibiting an anomalous reduction in its 
characteristic frequency and leading to mechanical instabil-
ity. This soft mode is a key factor in limiting the strength of 
monolayer materials, and can only be captured in unit cells 
with hexagonal rings [62]. This g-BNC domain model was 
successfully used to study the electronic band structures and 
linear elastic properties of g-BNC heterostructures in our pre-
vious work [13,44].

The stress–strain relationship of g-BN under the desired 
deformation configurations is characterized via first-princi-
ples calculations based on DFT. DFT calculations were carried 
out within the Vienna Ab-initio Simulation Package [64,65] 
which is based on the Kohn–Sham DFT (KS-DFT) [66] with 
the generalized gradient approximations as parameterized by 
Perdew, Burke, and Ernzerhof for exchange–correlation func-
tions [67]. The electrons explicitly included in the calculations 
are the (2s2p1) electrons of boron, the (2s22p2) electrons of car-
bon, and (2s22p3) electrons of nitrogen. The core electrons 
(1s2) of boron, carbon, and nitrogen are replaced by the pro-
jector-augmented wave approach [68,69]. A plane-wave cutoff 
of 520 eV is used in all the calculations. The calculations are 
performed at zero temperature.

The criterion to stop the relaxation of the electronic 
degrees of freedom is set by requiring the total energy change 
to be smaller than 0.000001 eV. The optimized atomic geom-
etry was achieved through minimizing Hellmann–Feynman 
forces acting on each atom until the maximum forces on the 
ions were smaller than 0.001 eV/Å.

The atomic structures of all the deformed and undeformed 
configurations are obtained by fully relaxing the 24-atom unit 
cells where all atoms are placed in one plane. Periodic bound-
ary conditions are applied for the two in-plane directions.

The irreducible Brillouin zone was sampled with a gamma-
centered 19 × 19 × 1 k-mesh. Such a large k-mesh was used 
to reduce the numerical errors caused by the strain of the 
systems. The initial charge densities were taken as a super-
position of atomic charge densities. There was a 14 Å thick 
vacuum region to reduce the interlayer interaction to model 
the single-layer system. To eliminate the artificial effect of 
the out-of-plane thickness of the simulation box on the stress, 
we used the second Piola–Kirchhoff (P–K) stress [63,70] to 
express the 2D forces per length with units of N/m.

For a general deformation state, the number of independent 
components of the second-, third-, fourth-, and fifth-order 
elastic tensors are 21, 56, 126, and 252, respectively. However, 
there are only 14 independent elastic constants that need to 
be explicitly considered due to the symmetries of the atomic 
lattice point group D6h, which consists of a sixfold rotational 
axis and six mirror planes [46].

The 14 independent elastic constants of g-BNC are deter-
mined by a least-squares fit to the stress–strain results from 
DFT calculations in two steps, detailed in our previous work 
[63], which had been well used to explore the mechanical 
properties of 2D materials [26,71–82]. A brief introduction is 
that, in the first step, we use a least-squares fit of five stress–
strain responses. Five relationships between stress and strain 
are necessary because there are five independent fifth-order 
elastic constants (FFOEC). We obtain the stress–strain rela-
tionships by simulating the following deformation states: uni-
axial strain in the zigzag direction (zigzag); uniaxial strain 
in the armchair direction (armchair); and equibiaxial strain 
(biaxial). From the first step, the components of the second-
order elastic constants (SOEC), the third-order elastic con-
stants (TOEC), and the fourth-order elastic constants (FOEC) 
are overdetermined (i.e., the number of linearly independent 
variables is greater than the number of constraints), and the 
fifth-order elastic constants are well determined (the num-
ber of linearly independent variables are equal to the number 
of constraints). Under such circumstances, the second step 
is needed: the least-square solution to these over- and well-
determined linear equations.

5.3  STRUCTURAL PROPERTIES

The optimized atomistic structures of the five configurations 
are shown in Figure 5.1, in ascending order of g-BN concen-
tration as 0% (graphene), 25%, 50%, 75%, and 100% (g-BN). 
Owing to the intrinsic difference between pure g-BN and 
graphene, the lattice constants of the g-BNC mixtures are 
obtained by averaging the lattice vectors of the super cells for 
a direct comparison with pure g-BN and graphene. We found 
that the lattice constant increases with g-BN concentration x. 
Our results of the lattice constants are summarized in Table 
5.1, which are in good agreement with experiments conducted 
on g-BN (2.51 Å) [83] and graphene (2.46 Å) [84].

When the strains are applied, all the atoms are allowed 
full freedom of motion. A quasi-Newton algorithm is used to 
relax all atoms into equilibrium positions within the deformed 
unit cell that yields the minimum total energy for the imposed 
strain state of the super cell.

Both compression and tension are considered here in order 
to sample a larger elastic deformation region. We study the 
behavior of the system under the Lagrangian strain ranged 
from −0.1 to 0.3 with an increment of 0.02 in each step in the 
three deformation modes for each configuration.

5.4  POTENTIAL SURFACES

Both compression and tension are considered with Lagrangian 
strains ranging from −0.1 to 0.3 with an increment of 0.02 
in each step for all three deformation modes. The system’s 
energy will increase when strains are applied. We define 
strain energy per atom Es = (Etot − E0)/n, where Etot is the 
total energy of the strained system, E0 is the total energy of 
the strain-free system, and n is the number of atoms in the 
unit cell. This intensive quantity is used for the comparison 
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between different systems. Figure 5.2 shows the Es as a func-
tion of strain in uniaxial armchair, uniaxial zigzag, and equib-
iaxial deformation.

Es is seen to be anisotropic with strain direction, consistent 
with the nonisotropic structure of the monolayer g-BNC. Es is 
nonsymmetrical for compression (η < 0) and tension (η > 0) 
for all three modes. This nonsymmetry indicates the anhar-
monicity of the g-BNC structures. The harmonic region, where 

the Es is a quadratic function of applied strain, can be taken 
between −0.02 < η < 0.02. The stresses, derivatives of the 
strain energies, linearly increase with the increase of applied 
strains in the harmonic region. The anharmonic region is the 
range of strain where the linear stress–strain relationship is 
invalid, and higher-order terms are not negligible. With even 
larger loading of strains, the systems will undergo irreversible 
structural changes, and the systems are in a plastic region, 
where they might fail. The maximum strain before the failure 
is the critical strain. The ultimate strains are determined as 
the corresponding strain of the ultimate stress, which is the 
maxima of the stress–strain curve, as discussed in the follow-
ing section.

5.5  STRESS–STRAIN RESPONSE

The stress–strain (second P–K stress) (Lagrangian strain) 
relationship for uniaxial strain in the armchair and zigzag, as 
well as biaxial, are shown in Figure 5.3. These stress–strain 
curves reflect the facts of the nonisotropic g-BNC atomic 
structures, in addition to the anharmonic responses in com-
pression and tension. Overall, the stress increases with strain 
monotonically in all compression cases. The linear relation-
ship between stress and strain is valid in strain from −0.02 to 
0.02, which is the linear elastic region.

When the tensile strain is beyond 0.02, a nonlinear rela-
tionship of stress–strain occurs. There is a maximum stress 
when tensile strain becomes larger than 0.14 for all five 
configurations. We denote this maximum stress as ultimate 
strength and the corresponding strain as ultimate strain. The 

TABLE 5.1
Lattice Constants a, In-Plane Stiffness Ys, Poisson Ratio ν, and High-
Order Elastic Constants of g-BNC from DFT Calculations, Compared to 
Previous Calculations of Graphene

0.0 0.25 0.5 0.75 1.00 Graphenea

a 2.468 2.484 2.496 2.506 2.512 2.446

Ys 344.6 321.9 300.0 285.7 278.3 348

v 0.179 0.1839 0.1937 0.1998 0.2254 0.169

C11 356 333.2 311.8 279.6 293.2 358.1

C12 63.7 61.3 60.4 59.4 66.1 60.4

C111 −3121 −2888 −2666 −2560 −2514 −2817

C112 −472 −551 −407 −383 −425 −337

C222 −2987 −2722 −2466 −2381 −2284 −2693

C1111 19980 18220 20195 18030 16547 13416

C1112 2706 3643 4267 2628 2609 759

C1122 2843 4065 2012 6755 2215 2582.8

C2222 16568 16085 19746 13234 12288 10358.9

C11111 −80198 −77944 −130712 −98102 −65265 −31383.8

C11112 −13378 −18430 −30317 −13725 −8454 −88.4

C11122 −12852 29572 −52986 −62434 −28556 −12960.5

K12222 −28504 −34777 −34287 −47317 −36955 −13046.6

K22222 −79311 −146507 −328759 −121135 −100469 −33446.7

a	 Graphene in a 2-atom unit cell [45].
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FIGURE 5.2  Energy–strain responses for uniaxial strain in arm-
chair and zigzag directions, and equibiaxial strains as a function of 
g-BN concentrations.
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stress–strain curves of these five configurations are quite sim-
ilar, due to their similar 2D hexagonal structures. As a con-
sequence, the stress–strain curves are overlapped. The insets 
are zoomed-in plots showing different mechanical behaviors 
around the ultimate strains.

The stresses are the derivatives of the strain energies with 
respect to the strains. The ultimate strength (the maxima in 
the stress–strain curve) is the maximum stress that a mate-
rial can withstand while being stretched, and the correspond-
ing strain is the ultimate strain. Under ideal conditions, the 
critical strain is larger than the ultimate strain. The systems 
of g-BNC under strains beyond the ultimate strains are in a 
metastable state, which can be easily destroyed by long wave-
length perturbations, vacancy defects, as well as high tem-
perature effects [85]. The ultimate stress and strain are also 
called ideal stress and strain. The ultimate strain is deter-
mined by the intrinsic bonding strength that acts as a lower 
limit of the critical strain. Thus, it has practical meaning in 
consideration for its applications.

The ultimate stress and strain of all five configurations 
at three deformation modes are summarized and plotted in 
Figure 5.4 as a function of the g-BN concentrations CBN. 
Please note that we use CBN instead of x to represent the con-
centration of the g-BN phase in the rest of the chapter. We 

found that the ultimate strain of a certain configuration is a 
function of both deformation mode and the directions.

5.6  MECHANICAL FAILURES

When a heavy strain is applied, for example, 0.3 in this 
study, the system fails. Figure 5.5 shows the atomistic con-
figurations of CBN = 0.25 in the Lagrangian strain of 0.16 
(shown in panels a, b, and c) and 0.30 (in panels d–f). The 
failure of the g-BNC of CBN = 0.25 at uniaxial deformation 
along the armchair direction starts with the debonding of 
C–C bonds which are parallel to the direction of deforma-
tion. There are new bonds between N–N in this failure. This 
could be explained by the first-neighbor valence-bond model, 
introduced by Mazzoni et  al. [86]. The first-neighbor bond 
energies between B, N, and C atoms from first-principle cal-
culations are listed as follows (in units of eV) in descend-
ing order of the bond strength: eNN = −178.49, eCN = −141.67, 
eBN = −116.73, eCC = −103.24, eCB = −77.09, eBB = −50.40. 
There are four kinds of bonds in strain-free configurations 
of CBN = 0.25: C–N, B–N, C–C, and C–B. We define a bond 
as broken when the bond length is 1.1 times of the original 
bond length. It is interesting that although the weakest bonds 
are C–B bonds, the C–C bonds along armchair, as marked 
in panel (a), break first. Owing to the intrinsic nonisotropic 
structure of g-BNC, applied strain on the system box will be 
distributed heterogeneously on these local bonds. It seems 
that the C–C bonds have higher strain concentrations and 
break prior to a C–B bond. At a strain of 0.3, as shown in 
panel (d), new B–B bonds and voids are generated after the 
failure.
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FIGURE 5.3  Stress–strain responses for uniaxial strain in arm-
chair and zigzag directions, and equibiaxial strains as a function 
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stress. “fit” stands for the fitting of DFT calculations (“DFT”) to 
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84 Graphene Science Handbook

For the uniaxial deformation along the armchair direction, 
the ultimate stress of Σ1

a 5 8= .0  and Σ2
a 23 56(N/m)= .  are at 

ηa = 0.2 and 0.18, respectively. For the uniaxial deformation 
along the zigzag, the maximum stresses are Σ1

z 26 26(N/m)= .  
at ηz = 0.26 and Σ2

z 7 82(N/m)= .  at ηz = 0.26. In this case also, 
the C–C bonds, as marked in panel (b), break first, followed 
by the breaking of B–N bonds along zigzag. At a heavy strain 
of 0.3, as shown in panel (e), all bonds on g-BN along zigzag 
are broken. For the equibiaxial deformation, the maximum 
stresses are Σ Σ1 2

b b 27 81(N/m)= = .  at ηb = 0.24. C–C bonds 
that are parallel and next to B–N bonds break first, as shown 
in panel (c). At a heavy strain of 0.3, all C–B and C–N bonds 
are broken, as shown in panel (f).

For the g-BNC configuration at CBN = 0.5, the B–N bonds 
along the armchair direction break first when the system 
deforms along the armchair direction, while the C–C bonds 
along zigzag break first during uniaxial zigzag and equibi-
axial deformation, as shown in Figure 5.6. At a heavy strain 
of 0.3, the system breaks into pieces in all cases, as shown in 
Figure 5.6d through f.

For the g-BNC configuration at CBN = 0.75, the C–N bonds 
along armchair break first when the system deforms along 
the armchair. The C–B bonds along zigzag break first during 
uniaxial, zigzag, and equibiaxial deformations, as shown in 
Figure 5.7. At a heavy strain of 0.3, the carbon atoms form 
“islands.” There are voids in the g-BN domain during uniaxial 
armchair deformation, while the system breaks into pieces in 
the other two cases, as shown in Figure 5.7d through f.

For the pure graphene (CBN = 0.0), there is only one kind 
of bond: C–C. The C–C bonds along the armchair break first 
during uniaxial armchair deformation. The C–C bonds along 
zigzag break first during uniaxial zigzag deformation. All 
bonds break simultaneously under equibiaxial deformation, 
as shown in Figure 5.8.

In the pure, g-BN (CBN = 1.0), monolayer system, only the 
B–N bonds are present. Similar to pure graphene, the B–N 
bonds along the armchair break first during uniaxial armchair 
deformation; the B–N bonds along zigzag break first during 
uniaxial zigzag deformation; all bonds break simultaneously 
under equibiaxial deformation, as shown in Figure 5.9.

Figure 5.3 also shows that in all three deformation cases, 
both pure g-BN and graphene monolayers can withstand larger 
strains up to the point of failure, whilst the g-BNC structures 
break at lower strains. The failure behavior of g-BNC is highly 
anisotropic and is a function of the deformation direction and 
state, as well as g-BN concentration.

The strength of g-BNC heterostructures will decrease first, 
down to the minimum when CBN = 0.5, and increase to that of 
pure g-BN, as shown in Figure 5.4. The nonisotropic nature of 
ultimate strain is more sensitive to the g-BN concentration in 
uniaxial strain along zigzag. The ultimate strength decreases 
with respect to the g-BN concentration.

There is a correlation between the debonding of structures 
shown in Figures 5.5 through 5.9 and ultimate strength (Figure 
5.3). This indicates that the instabilities occur at debonding 
sites in the atomic structures. Therefore, the observed strain 

ηa = 0.16 ηz = 0.16

c
c

cc

ηb = 0.16

ηb = 0.30ηz = 0.30ηa = 0.30

(a) (b) (c)

(d) (e) (f ) 

FIGURE 5.5  Atomic configurations of CBN = 0.25 in the Lagrangian strain of 0.16 (a)–(c) and 0.30 (d)–(f).
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ηa = 0.16 ηz = 0.16 ηb = 0.16

ηb = 0.30ηz = 0.30ηa = 0.30

(a) (b) (c)

(d) (e) (f ) 

FIGURE 5.6  Atomic configurations of CBN = 0.5 in the Lagrangian strain of 0.16 (a)–(c) and 0.30 (d)–(f).

ηa = 0.16 ηz = 0.16 ηb = 0.16

ηb = 0.30ηz = 0.30 ηa = 0.30

(a) (b) (c)

(d) (e) (f ) 

FIGURE 5.7  Atomic configurations of CBN = 0.75 in the Lagrangian strain of 0.16 (a)–(c) and 0.30 (d)–(f).
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ηa = 0.16 ηz = 0.16 ηb = 0.16

ηb = 0.30ηz = 0.30 ηa = 0.30

(a) (b) (c)

(d) (e) (f ) 

FIGURE 5.8  Atomic configurations of the pure graphene in the Lagrangian strain of 0.16 (a)–(c) and 0.30 (d)–(f).

ηa = 0.16 ηz = 0.16 ηb = 0.16

ηb = 0.30ηz = 0.30 ηa = 0.30

(a) (b) (c)

(d) (e) (f ) 

FIGURE 5.9  Atomic configurations of the pure g-BN in the Lagrangian strain of 0.16 (a)–(c) and 0.30 (d)–(f).
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softening is due to the progressive debonding in the structure 
during stretching.

5.7  ELASTIC CONSTANTS

The elastic constants are essential to the continuum descrip-
tion of the elastic properties. The continuum responses are the 
least-square fit to the stress–strain results from the DFT cal-
culations, as plotted in Figure 5.3. We then have 20 values for 
the 14 independent elastic constants of g-BNC from DFT cal-
culations. The 14 independent elastic constants of g-BNC are 
determined by least-square fit to overdetermined equations 
[63]. The results of these 14 independent elastic constants are 
grouped in SOEC, TOEC, FOEC, and FFOEC as listed in 
Table 5.1.

Owing to the symmetry, only C11 and C12 are indepen-
dent. C11 decreases linearly with respect to CBN, as plotted 
in the top panel of Figure 5.10. The in-plane stiffness Ys 
Ys can be obtained from the elastic moduli C11 and C12 as 
Y C C Cs 11= −( ) /11

2
12
2 . The Poisson ratio ν, which is the ratio 

of the transverse strain to the axial strain, can be obtained 
from elastic moduli as ν = C11/C12. Our results of Ys, ν and 
elastic constants of the five configurations are shown in the 
bottom panels of Figure 5.10. Our calculated value of in-
plane stiffness of graphene (344.6 N/m) is in good agree-
ment with the experimental value (340 ± 50 N/m) [45], and 
theoretical predictions (348 N/m [46] and 335 N/m [85]). 
Our calculated value of g-BN (278.3 N/m) agrees with an ab 
initio (GGA-PW91) prediction (267 N/m in Reference 85). 
Poisson ratios ν are 0.18 and 0.23 for graphene and g-BN, in 
agreement with 0.16 and 0.21, respectively [85]. Our results 
of Ys, ν, C11, and C12 are also comparable with ab initio 
predictions [87] and tight-binding calculations [88] of BN 
nanotubes.

We found that C11 and the in-plane stiffness decrease 
almost linearly as the g-BN concentration increases, while 

C12, as well as the Poisson ratio ν, show a rather more com-
plicated behavior (Figure 5.10). The similar trend of in-plane 
stiffness and C11 are based on the fact that C11 is dominant, 
about six times bigger than C12. For the same reason, Poisson 
ratio ν has a similar trend as C12. The increment of the Poisson 
ratio with respect to the g-BN concentration indicates a dec-
rement of the network connectivity [89], consistent with the 
decrement of the density.

The effect of the g-BN concentration on the higher-order 
elastic constants is shown in Figure 5.11. In an overview, the 
third- and fifth-order elastic constants are all negative, in con-
trast with a positive FOEC. From the magnitude, the longi-
tudinal modes (diagonal terms) of elastic constants are much 
larger than the shear modes (off-diagonal terms) of elastic 
constants. Comparing the elastic constants in different orders, 
one can notice that the TOEC of g-BNC vary mildly with the 
concentrations of g-BN. However, the fourth- and fifth-order 
elastic constants have a more complex response to the BN 
modification.

By considering the variation with respect to the BN con-
centration, we found that BN modification has a large effect 
on the longitudinal mode elastic constants, but is insensitive 
to the shear mode elastic constants. For the TOEC, the lon-
gitudinal modes C111 and C222 monotonically increase with 
respect to the g-BN concentration, as opposed to the small 
wiggles in the curve of shear mode C112. The ratio of C111 to 
C112 is around six, same as the ratio of C11/C12. For the FOEC, 
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FIGURE 5.10  Linear elastic constants (SOEC) C11, C12, Ys, and ν 
as a function of g-BN concentrations CBN.
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FIGURE 5.11  High-order elastic constants, TOEC, FOEC, and 
FFOEC as a function of g-BN concentrations CBN.
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the longitudinal modes C1111 and C2222 generally decease with 
respect to g-BN concentrations, with disturbances around 
CBN = 0.5. The shear mode C1122 curve has larger fluctuations 
than the C1112. For the fifth-order elastic constants, the longi-
tudinal modes C1111 and C2222 are very sensitive to the g-BN 
concentration, with the minima at CBN = 0.5. The shear modes 
C11112, C11122, and C12222 are relatively inert to the g-BN con-
centration. The valley points of C11111 and C22222 at CBN = 0.5 
indicate the instability of g-BNC around CBN = 0.5. This is 
consistent with our previous observation of bond breaking.

As a comparison of the SOEC, our results of graphene 
agree with a previous study of using a 2-atom unit cell [46], 
as summarized in Table 5.1. However, there is considerable 
difference in the higher-order (>2) elastic constants. This is 
mainly because the primitive unit cell (2-atom unit cell) does 
not have the freedom to distort along the K1 mode (soft mode) 
as the primitive translational symmetry is enforced [62]. Such 
K1 soft mode is a precursor to a phase transition as in soft-
mode theory, or directly leads to mechanical failure. This 
failure mechanism affects the nonlinear behavior of graphene 
around the ultimate strain, which is characterized by the high-
order elastic constants.

The high-order elastic constants are strongly related to 
anharmonic properties, including thermal expansion, ther-
moelastic constants, and thermal conductivity. With higher-
order elastic constants, we can easily study the pressure effect 
on the second-order elastic moduli, generalized Gruneisen 
parameters, and equations of states. For example, when pres-
sure is applied, the pressure-dependent second-order elastic 
moduli can be obtained from C11, C12, C22, C111, C112, C222, 
Ys, and ν [63,70,90,91]. In addition, using the higher-order 
elastic continuum description, one can obtain the mechani-
cal behaviors under various loading conditions, for example, 
under applied stresses rather than strains as demonstrated in a 
previous study [46]. Furthermore, the high-order elastic con-
stants are important in understanding the nonlinear elasticity 
of materials such as changes in acoustic velocities due to finite 
strain. As a consequence, nanodevices such as nanosurface 
acoustic wave sensors and nanowaveguides could be synthe-
sized by introducing local strain [70].

A good way to check the importance of the high-order 
elastic constants is to consider the case when they are miss-
ing. With the elastic constants, the stress–strain response can 
be predicted from the elastic theory [63]. We take the con-
figuration of the g-BNC with CBN = 0.25 as an example to 
demonstrate here. When we only consider the second-order 
elasticity, the stress varies with strain linearly. As illustrated 
in Figure 5.12, the linear behaviors are only valid within a 
small strain range, about −0.02 ≤ η ≤ 0.02, in the three defor-
mation directions. With the knowledge of the elastic constants 
up to the third order, the stress–strain curve can be accurately 
predicted within the range of −0.06 ≤ η ≤ 0.06. Using the 
elastic constants up to the fourth order, the mechanical behav-
iors can be well treated up to a strain as great as 0.12. For 
the strains beyond 0.12, the fifth-order elastic constants are 
required for an accurate modeling. The analysis of the other 
configurations comes to the same results.

Our results illustrate that the monatomic layer structures 
possess different mechanical behaviors in contrast with the 
bulk or multilayered structures, where the SOECs are suf-
ficient in most cases. The SOECs are relatively easier to be 
calculated from the strain energy curves [18,85], however, 
they are not sufficient. The high-order elastic constants are 
required for an accurate description of the mechanical behav-
iors of monatomic layer structures since they are vulnerable 
to strain due to the geometrical confinements.

The g-BNC heterostructures are unstable under large ten-
sion. All stress–strain curves in the previous section show 
that such types of material will soften when the strain is 
greater than the ultimate strain. From the viewpoint of chemi-
cal bonding, this is due to the bond breaking. This softening 
behavior is determined by the high-order elastic constants. 
The high-order elastic constants reflect the high-order nonlin-
ear bond strength under heavy strains. The negative values of 
FFOECs ensure the softening of materials under heavy strain 
beyond ultimate strains. The salient large values of FFOECs 
of CBN = 0.5 g-BNC structure in Figure 5.11 make it easier to 
soften at heavy strains, indicating less stability.

Our results of mechanical properties of g-BNC are limited 
to zero temperature due to current DFT calculations. Once the 
finite temperature is considered, the thermal expansions and 
dynamics will, in general, reduce the interactions between 
atoms. As a result, the longitudinal mode elastic constants 
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FIGURE 5.12  The predicted stress–strain responses from different 
orders: second, third, fourth, and fifth order, and compared with the 
DFT calculations in the three deformation directions of CBN = 0.25.
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will decrease with respect to the temperature of the system. 
The variation of shear mode elastic constants should be more 
complex in responding to the temperature. A thorough study 
will be interesting, which is, however, beyond the scope of 
this study.

5.8  CONCLUSIONS

In summary, we proposed an accurate approach to chemically 
tuning the mechanics of graphene with that of BN. Using a 
g-BNC domain model of (B3N3)x(C6)1−x, we studied the con-
centration dependence of the mechanical properties of the 
hybrid graphene/boron nitride monolayer through first-prin-
ciples calculations based on DFT. The nonlinear elasticity of 
g-BNC was investigated by applying large deformations. The 
continuum description of the elastic response is formulated by 
expanding the elastic strain energy density in a Taylor series 
of strain truncated after the fifth-order term. We obtained a 
total of 14 nonzero independent elastic constants for up to the 
tenth-order tensor for each examined g-BNC structure. The 
elastic constants (including those in high orders) are useful 
to develop an accurate continuum description of mechanical 
behaviors.

The results of the DFT calculations for the three defor-
mation modes of zigzag, armchair, and biaxial revealed that 
graphene, g-BN, and g-BNC monolayers have anisotropic 
deformations and failure behaviors. The ultimate strength is 
also highly anisotropic in these monolayers, and changed with 
the g-BN concentrations. The ultimate strains are smaller in 
g-BNC heterogeneous monolayers than those in homogeneous 
monolayers, graphene and g-BN, which may be related to the 
heterogeneity of the g-BNC monolayer. The failure mecha-
nism, from the viewpoint of the bond strength was studied. In 
pure graphene and the 25% g-BN system, C–C bonds along 
the loading direction break first. For the 50% g-BN system, 
B–N bonds along the armchair break first in armchair defor-
mation, while C–N bonds along the zigzag break first in zig-
zag and equibiaxial deformation. For the 75% g-BN system, 
C–N bonds along the armchair break first in armchair defor-
mation, while C–B bonds along the zigzag break first in zig-
zag and equibiaxial deformation. In pure g-BN system, B–N 
bonds along the loading direction break first.

The results show that the in-plane stiffness as well as 
TOECs of graphene can be linearly tuned with g-BN con-
centration. The longitudinal modes of elastic constants of 
g-BNC are much larger than the shear modes of elastic con-
stants. The TOECs of g-BNC vary mildly with the concen-
trations of g-BN. However, the fourth- and fifth-order elastic 
constants have a more complex response to BN modification. 
BN modification has a large effect on the longitudinal mode 
elastic constants, but is insensitive to the shear mode elastic 
constants. We also find that the harmonic elastic constants 
are only valid with a small range of −0.02 ≤ η ≤ 0.02. With 
the knowledge of the elastic constants up to the third order, 
the stress–strain curve can be accurately predicted within the 
range of −0.06 ≤ η ≤ 0.06. Using the elastic constants up to 
the fourth order, the mechanical behaviors can be accurately 

predicted up to a strain as heavy as 0.12. For the strains 
beyond 0.12, the fifth-order elastic constants are required for 
an accurate modeling. The high-order elastic constants reflect 
the high-order nonlinear bond strength under large strains. 
The salient large values of FFOECs of the CBN = 0.5 g-BNC 
structure make it easier to soften at heavy strains, indicating 
less stability. Our results may provide guidance in chemically 
tuning the mechanical properties of these heterostructures in 
practical applications, as well as the safe ranges of strain for 
the demanded engineering of the g-BNC.
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